We consider the automorphic forms which govern the gravitational threshold correction F 1 in models of heterotic/IIA duality with N = 2 supersymmetry in four dimensions.
Introduction
In previous work we have developed the idea that there is an algebraic structure which underlies many dualities in string theory [1, 2] . This point of view is supported by the fact that threshold corrections in N = 2 theories are given by sums of logarithmic functions over the roots of generalized Kac Moody algebras (GKM) [1] and by the fact that one can define an algebra on BPS states which in some cases is closely related to a generalized Kac-Moody algebra [2] . Since threshold corrections are determined purely by the spectrum of BPS states, there must be a relation between these two facts. Unfortunately the precise relation is still not clear. In fact, to our knowledge the denominator product of a known GKM has not yet appeared in a calculation of threshold corrections in any model (such products have appeared as part of the answer in several papers). In this paper we will remedy this by
showing that the denominator function of the "fake Monster Lie superalgebra" [3] governs the gravitational threshold correction F 1 in the N = 2 dual pair of FHSV [4] .
In the second and third sections of this paper we discuss some general features of gravitational threshold corrections in N = 2 heterotic and type IIA dual pairs. In the fourth section we apply these results and second quantized mirror symmetry to determine the exact non-perturbative form for F 1 in the FHSV dual pair. The fifth section applies this result to rederive a result of Jorgenson and Todorov on the determinant of∂ operators on K3 surfaces which double cover the Enriques surface. We make a few brief comments on the relation to F theory in section 6 and conclude in section 7.
Gravitational threshold correction for d = 4, N = 2 heterotic compactifications

One-loop integral
We first consider d = 4, N = 2 heterotic compactifications with the ten-dimensional gauge group broken to some rank s subgroup (there are a total of s +4 vector gauge fields).
The tree level vectormultiplet moduli space is therefore:
M vm = {(τ S , y)} ∈ SL(2, IR)/SO(2) × N In this paper we focus on the effective, non-Wilsonian coupling
At string tree level g −2 grav (p 2 ) = 24Re(S). These couplings have been widely discussed in the literature [5, 6, 7, 8, 9, 10, 11] . A one-loop formula for the derivatives of g grav with respect
to the vector moduli was derived in [5] :
where in the above we are holding the string coupling S fixed. The quantity ∆
grav is given in [5] as
where the trace is over the Ramond sector, J 0 is the U (1) current of the N = 2 superconformal algebra, and E 2 is the second Eisenstein series with a q expansion
with σ(n) the sum of the divisors of n. The constant b grav is the "gravitational beta function" of [5] and ensures that the integral (2.5) is finite away from enhanced symmetry subvarieties. From (2.5) we may obtain the duality invariant effective coupling:
where g −2 string = Re(S) + ∆ univ /16π 2 , n H is the number of massless hypermultiplets, and n V is the number of massless vectormultiplets (including the graviphoton). The quantity ∆ univ is related to a Green-Schwarz term for sigma-model anomalies. We have chosen to write the second term in (2.7) with the Planck mass rather than the string scale in the logarithm since it is the Planck mass that is duality invariant. Actually, (2.7) does not quite follow from (2.4). The last term in (2.7), which affects only the dilaton one-point function, is very difficult to compute and is not determined by (2.4).
1 It may however be determined by appealing to heterotic-IIA string duality. In particular it can be determined from the expressions we derive in section 3 for the corresponding quantities in IIA theory.
Now we derive two important properties of the integral (2.5). From [1] we have the formula:
This implies:
1. Using the expansion (2.6) and noting that (2.8) starts with q −1 + · · · we see that the constant is
thus recovering the result of [5] . 
Evaluating the integral
Using the techniques of [12, 1] the above integral can be evaluated for "rational backgrounds" which satisfy:
where f i (q) form a unitary representation of SL(2, Z Z) and Z i are a set of partition functions for a lattice and its translates.
The evaluation of (2.5) was done in [1,13,14,15,] with the following result. Introduce the pseudo-invariant dilaton:S
(2.12)
1 Deriving the last term in (2.7) from a low energy field theory analysis is an extremely challenging problem. We thank V. Kaplunovsky and J. Louis for detailed discussions about this.
such that Re(S) is invariant under T -duality. In the above h (1) is the one-loop prepotential.
Then we have at 1-loop:
and
The quantity K in (2.14) is an unimportant constant defined in [1] . Each term on the RHS of (2.13) is T -duality invariant. T -duality invariance and (2.10) lead to the following key properties of Ψ grav (y): 
Loop corrections
Finally, let us discuss higher loops. The above result (2.13) can be cast in the form:
The strange prefactor is meant to define a nice modular form. It also facilitates the comparison with the IIA string.
where K (0) is the tree level Kahler potential,
is holomorphic, and has transformation properties such that g −2 grav (p 2 ) is invariant. As discussed in [9] , N = 2 supersymmetry says that
so (2.13) implies the formula for F HET 1 (S, y) to all orders of perturbation theory. Moreover, as the notation suggests, we expect that Ψ ≤1 grav (S, y) in (2.15) should be regarded as the first term of an expansion in q S of an automorphic product on the exact vectormultiplet moduli space. Thus, it should be possible to understand the log[ReS] correction purely within the heterotic string by requiring T -duality invariance of the invariant norm-square Ψ(S, y) 2 of the full product. However, this might require a nonperturbative understanding of certain infrared effects.
Gravitational threshold correction for d = 4, N = 2 type II compactification
We now turn to gravitational threshold corrections in type II string theory on a CalabiYau 3-fold X 3 with Kahler potential K, Betti numbers h 1,1 and h 2,1 and Euler number
The Gauss-Bonnet coupling for the type II string on a Calabi-Yau 3-fold X 3 is given by [16, 8] : 4π
where the last term is obtained from a fundamental domain integral:
Here the trace is over the Ramond-Ramond sector and J L , J R are the left and right-moving U (1) currents of the (2, 2) superconformal algebra. As shown in [8] , F 1 splits as a sum that depend only on complex and Kahler moduli respectively. These terms are exchanged by mirror symmetry.
The formula analogous to (2.19) was given in [8] :
The type II result analogous to (2.10) was obtained in [17] . Massless particles lead to a singularity in F 1 of:
In order to go further we must specialize to Calabi-Yau spaces X 3 which have heterotic duals. This requires that X 3 be a K3 fibration [18, 19] .
Application to K3 fibrations
We now assume X 3 is a K3 fibration and follow the discussion of Aspinwall and Louis [19] . We choose integral generators e s , e a of H 2 (X 3 ; Z) and introduce coordinates (t s , t a ) on the complexified Kahler form:
where e s is dual to the K3 fiber. The e a form a basis for integral (1, 1) classes for the K3 fiber. The Picard lattice P ic(K3) will have signature (1, s + 1) and the t α are coordinates for the Kahler cone in P ic(K3) ⊗ C. Therefore, we may write:
The coordinates t s , t a are flat (special) coordinates and in [19] it is shown that we have the identification:
The holomorphic anomaly at large Im(t s ) is computed from
giving:
The fact that there are only exponential corrections is surprising since we expect K, log det K ij to be corrected to all orders in 1/Im(t s ). However, it is implied by (2.20).
We conclude that at large Re(S) we have:
Now, F II 1 must be an invariant function on the moduli space. Combined with (3.4) we obtain two conditions which are the analogs of the heterotic conditions (2.16) and (2.18):
2. The zeroes of Ψ II grav (t a ) at an enhanced symmetry point with hypermultiplet and vectormultiplet masses vanishing to first order are of order:
whenS is well-defined. Now we can apply the Koecher principle: Modular forms on N s+2,2 are completely determined by their weight, zeroes and poles. In general we need to allow for phases (i.e., a "multiplier system") in the modular transformation laws. However, such phases correspond to one-dimensional representations of the T-duality group O(Γ). It follows from a theorem of Kazhdan [20] that the abelianization
is always a finite group, and therefore, we can eliminate the phases by raising the form to an appropriate power. Comparing (3.11)(3.12) with (2.17) and (2.18) we learn that (up to a phase):
on very general grounds.
3 For the example considered in the next section the power 4 is sufficient.
Gravitational correction for the FHSV model
Computation of the integral expression (2.5) leads to interesting automorphic forms associated to threshold corrections. In this section we work in reverse: we use a known result on automorphic forms to determine a threshold correction.
We will consider the FHSV model introduced in [4] . A discussion of phase transitions in this model and a careful discussion of some topological subtleties in its definition can be found in [21] . The model consists of an N = 2, d = 4 string dual pair where the type IIA theory is formulated on a Calabi-Yau manifold of the form
S is a K3 surface which double covers an Enriques surface. The Z Z 2 acts as z → −z on T 2 and as the free Enriques involution on S. In addition there are some discrete degrees of freedom which must be included [4, 21] . The resulting Calabi-Yau space has Betti numbers h 1,1 (X 3 ) = h 2,1 (X 3 ) = 11 and hence χ(X 3 ) = 0.
An important property of this model is that the exact vectormultiplet moduli space is a quotient of:
with its natural Kähler metric. That is, the special Kähler geometry of the moduli space (4.1) does not receive string quantum corrections because of the decoupling of vector and hypermultiplets and it was argued in [4] that it is also uncorrected by string world-sheet quantum corrections from world-sheet instantons. It thus follows that F ∼ Sy 2 and
exactly. Nevertheless, there will be nontrivial quantum corrections for other F -terms in the low energy effective theory. The relevant automorphic form for the R 2 coupling is described in the next section.
The global identifications are associated with duality transformations, and can be determined from the lattice of RR charges. It was shown in [4, 21] that the moduli space is:
Here O(M ) is the group of automorphisms of
(this is the lattice denoted M in [22] ). Here II 1,1 is the even self-dual Lorentzian lattice and for any self-dual lattice L, L(n) denotes the lattice with norm-squared rescaled by n. 4 M may be interpreted in many ways. One way is that it is the sublattice of integral cohomology H * (S; Z Z) even under the Enriques involution.
Determining F 1
In order to determine F 1 we first use the representation (3.2) from the type II side.
Note first that the dependence on the Kahler moduli of T 2 can only come from the untwisted unprojected sector of the Z Z 2 orbifold. The calculation in the untwisted sector is, up to a factor of 1/2, the same as the calculation on a Calabi-Yau manifold of the form T 2 × S where S is a K3 surface. For the latter manifold one easily finds 5 :
where T is the Kahler modulus of T 2 , the factor of 24 comes from the elliptic genus of K3, and the T-duality invariant norm is
To compare this to the discussion in sec. 3.1 we view this as a K3 fibration where the IP 1 base is T 2 /Z Z 2 . Since the area of this IP 1 is half that of T 2 we should identify t s = T /2. Taking into account this identification and the factor of two from the orbifold we have: 2. S develops a quantum singularity, which by mirror symmetry can be viewed as a singularity occuring at points in the moduli space where the Z Z 2 fails to act freely.
As explained in [21] , the singularities of the second kind occur at the divisor in
Physically, the singularities of the first kind correspond to theories with enhanced N = 4 supersymmetry. At these points we have ∆n H − ∆n V = 0. There is thus no singularity in Ψ at such points. On the other hand, singularities of the second kind correspond to enhanced N = 2, SU (2), N f = 4 theories. Using (3.12) we see that along this divisor Ψ will have a zero of order
The above properties of Ψ are also easily reproduced within the dual heterotic theory.
The heterotic dual is obtained as an asymmetric Z Z 2 orbifold for lattices in IR 22,6 with orthogonal decomposition:
where the Z Z 2 acts as |P 1 , P 2 , P 3 , P 4 , P 5 → e 2πiδ·P 3 |P 2 , P 1 , P 3 , −P 4 , −P 5 with δ the order two shift vector defined in [4] . The weight is now determined from (2.16) and the enhanced symmetry divisors correspond to the N = 4 and N = 2 theories described above [4] . Since the vector multiplet moduli space is uncorrected there is no possible singularity inS = S, and we recover the above result on the zeros of Ψ HET grav . In principle the correction F 1 could be obtained by evaluating (2.5) explicitly as in [1, 13, 14, 15] . However, this is not necessary since enough is known about the relevant modular forms to determine It turns out that an automorphic form of precisely the required weight and with precisely the required zeros has already been constructed by Borcherds in [22] . We call this form Φ BE , the Borcherds-Enriques form. It may be defined as follows.
We first make a choice of null vector v ∈ M ∼ = [Γ 9,1 ⊕ Γ 9,1 ] Z Z2 ⊕ II 1,1 (1). 7 Here the Z Z 2 superscript indicates that we take the part of the lattice invariant under the exchange of the two factors. We next define L = (v ⊥ /vZ Z). In particular, we make the choice of a primitive null vector in
. Let r > 0 denote lattice vectors in the forward light-cone. Denoting vectors in the lattice by r = ( b; m, n) ∈ L and points in a tube domain by y ∈ IR 1,9 + iC + we define [22] :
where ρ = (0; 0, 1) is a Weyl vector. It is shown in [22] that the form Φ BE (y) satisfies two key properties: As we have remarked several times, these two properties determine Φ up to a constant, so we can finally obtain the full nonperturbative result for the gravitational threshold correction:
where we have written the final answer in terms of the heterotic dilaton τ S .
The factor of 2τ S in (4.9) has physical significance and is quite closely related to a similar factor in the discussion of N = 2 gauge theory with matter given in [26] . Expanding (4.9) gives a term linear in S and a power series in q 2 S . The latter should be interpreted as coming from zero size instantons as in [23] . Since a single instanton has action q S this indicates that only even numbers of instantons contribute to F 1 . A similar result was found in [26] for N = 2 theories with matter as a result of an anomalous Z Z 2 symmetry identified with the center of the global O(2N f ) flavor group. In that situation amplitudes with odd numbers of instantons were odd under the Z Z 2 and thus did not contribute to the even metric on moduli space. In our situation there is also a natural Z Z 2 , it is the Z Z 2 which is +1 on all untwisted states of the Z Z 2 orbifold and −1 on all twisted states. The above result tells us that again odd numbers of instantons are odd under this Z Z 2 and hence do not contribute to F 1 which is even. Note also that at enhanced symmetry points with N = 2 supersymmetry and gauge group SU (2) with N f = 4 the four matter multiplets arise from the twisted sector of the orbifold and thus are odd under the Z Z 2 . The orbifold Z Z 2 thus agrees with the Z Z 2 of [26] when restricted to the N = 2 gauge sector.
Application 1: K3 determinants
The dependence of F 1 on complex structures was determined in [8] to be given by a combination of Ray-Singer torsions. Specifically we have:
We have determined this quantity for X 3 = (T 2 × S)/Z Z 2 . Using special properties of this manifold we can extract a relation between Φ BE and determinants of∂ operators on K3
surfaces. Since X 3 is a self-mirror family we can work equally well with Kahler or complex moduli, a fact which will be exploited in the next section.
Using the Hodge dual we obtain an isospectral isomorphism Ω p,q ∼ = Ω q,p and hence:
. Moreover, using the covariantly constant 3-form we have a second
⊥ denote the space of forms orthogonal to the harmonic forms. We can obtain the isospectral isomorphism:
and hence
. It follows that:
Moreover, the metric is a product on T 2 × S where T 2 is the torus and S is the K3 surface which double-covers the Enriques surface. Thus, ∆ = ∆ T 2 + ∆ S and the Laplacian is block diagonal if we decompose the space of (p, q) forms according to:
Also, the involution (−1, I Enriques ) on T 2 × S commutes with the Laplacian so we can decompose all spaces into the ± eigenspaces under the involution.
We also need some facts about the spectrum of the Laplacians ∆ p,q S and their determinants which we define using zeta-function regularization. The spectrum of the Laplacian on 0-forms leads to a zeta-function which can naturally be written as a sum of zeta functions for the even and odd functions on S:
All the other relevant ζ functions for S can be written in terms of ζ ± S . Using the fact that the covariantly constant (2, 0) form on S is odd one can derive the relevant zeta functions for the Laplacian acting on other forms. In particular:
We now consider the ζ-function on Ω
. The spectrum of the Laplacian is the sum of pairs λ
. In fact, we know the spectrum λ j (T 2 ) of the flat torus quite explicitly, so the ζ-function is of the form
It is quite important to separate out the terms corresponding to a zeromode on T 2 or S from expressions such as (5.7). Let us define the functions
Then, a short calculation produces the following ζ-functions
where n e , n 0 are the dimensions of the even and odd harmonic (1, 1)-forms. For our example these are n e = n 0 = 10. Computing the combination in (5.3) we find that the mixed eigenvalues in µ ± cancel out and we are left with
and we recover the fact that F 1 can be written as a product of the function for T 2 and a function for S. Moreover, we obtain the result
This result is closely related to a result of Jorgenson and Todorov [27] .
Application 2: Mirror maps and curve counting
In F -compactification to 8 dimensions the Narain moduli space N 2,18 plays an important role [28] . [29] for an explicit determination of the map on a two-parameter subspace.)
The proper interpretation of (3.3) is that Ψ II grav (t) is a section of bundle with a hermitian metric. Using special coordinates and the mirror map we can define a trivialization near a large Kähler structure boundary point in terms of the fundamental holomorphic period ̟ 0 . Then if t(z) is the mirror map:
is an invariant object: it is the quotient of two sections. On the other hand, we know that its only singularities can occur on the discriminant locus. Hence, in the case of the Enriques surfaces, we expect (6.1) with Ψ grav (t) = Φ BE (t) to be proportional to ij (z i − z j ) n ij for some integers n ij . The integers n ij can be determined by counting elliptic curves near the discriminant locus. Indeed, once t(z) is known one could then proceed to count elliptic curves in the Calabi-Yau X 3 (and hence extract elliptic curves in the Enriques surface) using the result [8] [16]: where n (1) , n (0) are the number of elliptic and rational instantons and ω is the complexified Kähler class. Since these are not isolated the counting of these instantons is subject to the standard caveats.
Conclusions and Conjectures
The main motivation for this paper was the hope that the present result will lead to a better understanding of the relation between the BPS algebras discussed in [2] and threshold corrections. Given the result (4.5) we are led to the following conjecture.
Conjecture: For heterotic compactification on K3 × T 2 we always have
where Φ(y) is the denominator product for a GKM algebra closely related to the algebra of perturbative BPS states.
Understanding the precise relation between the algebra associated with the denominator product and the algebra of BPS states remains elusive. In the FHSV model considered here Φ(y) is the denominator product for the "fake monster Lie superalgebra" [3] . (It can also be interpreted as the trace of a involution in the Monster in the Lie algebra cohomology of the Monster Lie algebra.) The algebra of BPS states in the FHSV model resembles a generalized Kac-Moody algebra, but is graded by Γ 10,2 . Our result strongly suggests that some subquotient of the algebra of BPS states, perhaps associated to cohomology associated with a null direction, will be the "fake monster super Lie algebra." It would be very interesting to make this suggestion concrete, but we have not done so. In this connection it is intriguing to note that by expanding the same form around different cusps one can obtain distinct GKM's [30] .
On a more speculative note, it is tempting to conjecture that (7.1) is the first term in an expansion in powers of q S of an automorphic form which governs the exact, nonperturbative gravitational threshold correction in all N = 2 theories:
and that Φ is associated to an electric or magnetic subalgebra of the full algebra of BPS states associated to the Calabi-Yau space [2] .
Finally, an interesting direction for future research is to understand if there is a connection between BPS algebras and higher dimensional current algebras. There is a hint of such a connection since the quantity F 1 also appears in [31] .
